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Good advice from Erick

work with
biologists 
who have interesting

data
and who are nice people, too!
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What is phylogenetic inference?

In phylogeny we seek to reconstruct the evolutionary “family tree” of a number
of (usually present day) taxa using data about those taxa.
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What do we mean when we draw a tree?

the arrow of time is down the page (or left to right),
paths down through the tree represent lineages,
non-leaf vertices represent times at which lineages diverge,
edge-lengths may have no meaning, or represent chronological time or
expected amount of substitution (i.e. mutation),
the root is the most recent common ancestor of all the taxa.

Species phylogeny

Orangutan Gorilla Chimpanzee Human

From the Tree of the Life Website,
University of Arizona
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Probability versus statistics

we describe some aspect of nature with a probability model that has
unknown features (parameters)

statistical inference tries to reconstruct/infer/estimate those parameters
from data

probability theory is engineering

statistical inference is reverse-engineering

forward problems versus inverse problems
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What do the data look like?

Phylogenetic reconstruction can be based on different kinds of data:
morphology, gene order, etc. I’ll concentrate on DNA sequence data.

For each taxon we have DNA sequences (i.e. strings of nucleotides
A=adenine, G=guanine, C=cytosine, T=thymine) for parts of their
genome that are “comparable”.

The DNA sequences of the different taxa differ. As evolution occurs, one
nucleotide is substituted for another, segments of DNA are deleted, and
new segments are inserted.
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Sequence alignment

Sequence alignment procedures are algorithms that:
take DNA sequences from several taxa,
line up common positions at which substitutions may or may not have
occurred,
determine where deletions and insertions have occurred in certain sequences
relative to the others.

For example, an alignment of two taxa might produce an output such as
the following:

Taxon 1 ...AGTAACT...

Taxon 2 ...AT ∗ ∗ ∗ CA...

Reading from left to right:
both taxa have an A in the “same” position,
the next position is common to both taxa but Taxon 1 has a G there
whereas Taxon 2 has a T,
then (due to insertions or deletions) there is a stretch of 3 positions that are
present in the genome of Taxon 1 but not present in the genome of Taxon 2
etc.

A discussion of alignment algorithms is outside the scope of this course.
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Aligned data

From now on, suppose that the original sequences have been preprocessed
in some suitable way to align them.

For simplicity, suppose that we are dealing with segments where there
have been no insertions or deletions, so all the taxa share the same
common positions and differences between nucleotides at these positions
are due to substitutions.
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Our goal
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Our ultimate goal?
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Candida rugosa

Candida catenulata

Candida pseudointermedia

Candida intermedia

Candida akabanensis

Candida oregonensis

Candida haemulonii

Candida tsuchiyae

Clavispora lusitaniae

Candida melibiosica

Candida torresii

Metschnikowia bicuspidata

Candida agrestis

Metschnikowia reukaufii

Metschnikowia pulcherrim
a

Candida mogii

Brettanomyces bruxellensis

Dekkera bruxellensis
Dekkera anomala

Brettanomyces anomalus

Dekkera custersiana

Dekkera naardenensis

Candida insectalens
Candida silvatica

Issatchenkia orientalis

Pichia membranaefaciens

Candida spandovensis
Candida apicola
Candida bombi

Starmerella bombicola

Candida geochares
Candida vaccinii

Endomyces geotrichum

Galactomyces geotrichum

Dipodascus albidus

Candida chiropterorum

Candida valdiviana
Candida drimydis

Waltomyces lipofer

Dipodascopsis uninucleata

Protomyces macrosporus

Protomyces pachydermus
Protomyces inouyei

Protomyces lactucae
Taphrina virginica
Taphrina carnea

Taphrina pruni subcordatae
Taphrina mirabilisTaphrina nana

Taphrina pruni
Taphrina ulmi

Taphrina communis
Taphrina flavorubra
Taphrina populina

Taphrina deformans
Taphrina wiesneri

Taphrina robinsoniana
Taphrina letifera

Neolecta vitellina
Neolecta irregularis

Saitoella complicata

Schizosaccharomyces pombe

Schizosaccharomyces japonicus
Pneumocystis carinii

Calicium tricolor
Taphrina maculans

Taphrina californica
Chytridium confervae

Neocallimastix frontalis
Neocallimastix joyonii
Piromonas communis

Spizellomyces acuminatus

Allomyces macrogynus

Blastocladiella emersonii
Chrysops niger

Drosophila melanogaster
Ceratitis capitata
Ornithoica vicina

Nephrotoma altissima
Lutzomyia shannoni

Aedes albopictusAedes aegyptiAedes punctor

Toxorhynchites ambionensis
Culex tritaeniorhynchus

Anopheles psuedopunctipennis
Anopheles albimanus

Eucorethra underwoodi
Dixella cornuta

Culicoides variipennis
Amblabesmia rhamphe

Simulium vittatumXenos vesparumStylops melittae
Mengenilla chobauti
Galleria mellonella

Archaeopsylla erinacei
Panorpa germanica

Anisochrysa carneaOliarces clara
Monolobus ovalipennis

Antarctonomus complanatusLoricera foveata
Loricera pilicornis pilicornis

Amarotypus edwardsi
Bembidion mexicanum

Bembidion levettei carrianumAsaphidion curtumDiplous californicusPatrobus longicornis
Pericompsus laetulusDiplochaetus planatusZolus helmsi

Merizodus angusticollisSloaneana tasmaniaeBatesiana hilarisSchizogenius falliClivina ferreaDyschirius sphaericollisMelisodera picipennisMecyclothorax vulcansAmblytelus curtusApotomus rufithoraxBroscosoma relictumCreobius eydouxiGalerita lecontei leconteiPseudaptinus rufulusAptinus displosorPterostichus melanariusTetragonoderus latipennisDiscoderus cordicollisChlaenius ruficaudaCalybe laetulaAmara apricariaAgonum extensicolleCymindis punctigeraLoxandrus n sp nr amplithoraCnemalobus sulciferusCatapiesis brasiliensisMorion aridusBrachinus armigerBrachinus hirsutusPheropsophus aequinoctialisPasimachus atronitensScarites subterraneusCarenum interruptumSiagona europaeaSiagona jennisoniClinidium calcaratumOmoglymmius hamatusOmus californicusCicindela sedecimpunctata
Metrius contractusPachyteles striolaCymbionotum semelederiCymbionotum pictulumGehringia olympicaPromecognathus crassusLaccocenus ambiguusOmophron obliteratum
Psydrus piceusCeroglossus chilensisPamborus gueriniiCalosoma scrutatorCarabus nemoralisScaphinotus petersi catalinae

Cychrus italicusOpisthius richardsoniLeistus ferruginosus
Nebria hudsonicaNotiophilus semiopacusTrachypachus gibbsiiTrachypachus holmbergiSystolosoma lateritiumElaphrus californicus

Elaphrus clairvilleiBlethisa multipunctata aurata
Mecodema fulgidum

Oregus aereus
Suphis inflatusCopelatus chevrolati renovatusHydroscapha natans

Xanthopyga cacti
Dynastes granti
Tenebrio molitor

Meloe proscarabaeus
Clambus arnetti

Phaeostigma notata
Leptothorax acervorum

Polistes dominulus
Graphosoma lineatum
Raphigaster nebulosa

Lygus hesperus
Hemiowoodwardia wilsoni

Hackeriella veitchi
Spissistilus festinus
Prokelisia marginata
Philaenus spumarius
Okanagana utahensis

Trioza eugeniae
Pealius kelloggii

Acyrthosiphon pisum
Aonidiella aurantii

Batrachideidae gen sp
Carausius morosus
Acheta domesticus
Mesoperlina pecircai

Aeschna cyanea
Lepisma saccharina

Lepidocyrtus paradoxus
Crossodonthina koreana

Hypogastrura dolsana
Podura aquatica

Theatops erythrocephala
Scolopendra cingulata

Cryptops trisulcatus

Craterostigmus tasmanianus
Lithobius variegatus

Scutigera coleoptrata

Pseudohimantarium mediterraneum

Clinopodes poseidonis

Cylindroiulus punctatus

Polydesmus coriaceus

Rhipicephalus appendiculatus

Hyalomma lusitanicum

Hyalomma rufipes

Hyalomma dromedarii

Rhipicephalus sanguineus

Boophilus microplus

Rhipicephalus zambeziensis

Rhipicephalus bursa

Boophilus annulatus

Rhipicephalus pusillus

Dermacentor andersoni

Dermacentor marginatus

Amblyomma triguttatum triguttat

Amblyomma vikirri

Aponomma fimbriatum

Aponomma latum

Amblyomma variegatum

Amblyomma tuberculatum

Amblyomma americanum

Amblyomma maculatum

Haemaphysalis inermis

Haemaphysalis punctata

Haemaphysalis leporispalustris

Haemaphysalis humerosa

Haemaphysalis petrogalis

Haemaphysalis leachi

Aponomma undatum

Aponomma concolor

Ixodes auritulus

Ixodes ricinus

Ixodes affinis

Ixodes pilosus

Ixodes cookei

Ixodes simplex simplex

Ixodes kopsteini

Ixodes holocyclus

Carios puertoricensis

Ornithodoros moubata

Ornithodoros coriaceus

Otobius megnini

Argas lahorensis

Argas persicus

Megisthanus floridanus

Cosmolaelaps trifidus

Hypochthonius rufulus

Lohmannia banksi

Nothrus sylvestris

Xenillus tegeocranus

Euzetes globulosus

Allonothrus russeolus

Archegozetes longisetosus

Trhypochthonius tectorum

Nehypochthonius porosus

Steganacarus magnus

Gehypochthonius urticinus

Chortoglyphus arcuatus

Acarus siro

Eusimonia wunderlichi

Androctonus australis

Liphistius bicoloripes

Eurypelma californica

Odiellus troguloides

Pseudocellus pearsei

Limulus polyphemus

Callipallene gen sp

Berndtia purpurea

Trypetesa lampas

Octolasmis lowei

Paralepas palinuri

Lepas anatifera

Balanus eburneus

Chelonibia patula

Tetraclita stalactifera

Chthamalus fragilis

Verruca spengleri

Ibla cumingi

Calantica villosa

Loxothylacus texanus

Dendrogaster asterinae

Ulophysema oeresundense

Palaemonetes kadiakensis

Helice tridens

Philyra pisum

Callinectes sapidus

Pugettia quadridens

Raninoides louisianensis

Procambarus leonensis

Astacus astacus

Nephrops norvegicus

Panulirus argus

Oedignathus inermis

Penaeus aztecus

Stenopus hispidus

Artemia salina

Branchinecta packardi

Daphnia pulex

Bosmina longirostris

Daphnia galeata

Stenocypris major

Argulus nobilis

Porocephalus crotali

Milnesium tardigradum

Macrobiotus hufelandi

Thulinia stephaniae

Echiniscus viridissimus

Euperipatoides leuckarti

Priapulus caudatus

Pycnophyes kielensis

Helix aspersa

Balea biplicata

Limicolaria kambeul

Laevicaulis alte

Onchidella celtica

Siphonaria algesirae

Anthosiphonaria sirius

Lymnaea glabra

Stagnicola palustris

Lymnaea stagnalis

Radix peregra

Lymnaea auricularia

Fossaria truncatula

Bakerilymnaea cubensis

Biomphalaria glabrata

Littorina obtusata

Littorina littorea

Fasciolaria lignaria

Nassarius singuinjorensis

Pisania striata

Reishia bronni

Thais clavigera

Rapana venosa

Bursa rana

Monodonta labio

Antalis vulgaris

Scutopus ventrolineatus

Arctica islandica

Mercenaria mercenaria

Spisula subtruncata

Mulinia lateralis

Spisula solida

Spisula solidissima

Tresus nuttali

Tresus capax

Mactromeris polynyma

Hippopus hippopus

Hippopus porcellanus

Tridacna squamosa

Tridacna crocea

Tridacna maxima

Tridacna derasa

Tridacna gigas

Vasticardium flavum

Fulvia mutica

Fragum unedo

Fragum fragum

Corculum cardissa

Galeomma takii

Ostrea edulis

Crassostrea virginica

Nerita albicilla

Mytilus edulis

Mytilus trossulus

Mytilus galloprovincialis

Mytilus californianus

Geukensia demissa

Mimachlamys varia

Chlamys hastata

Crassadoma gigantea

Pecten maximus

Argopecten gibbus

Argopecten irradians

Placopecten magellanicus

Chlamys islandica

Atrina pectinata

Arca noae

Barbatia virescens

Acanthopleura japonica

Lepidochitona corrugata

Lepidozona coreanica

Eohemithyris grayii

Platidia anomioides

Stenosarina crosnieri

Gryphus vitreus

Thecidellina blochmanii

Cancellothyris hedleyi

Terebratulina retusa

Liothyrella neozelanica

Liothyrella uva

Gwynia capsula

Calloria inconspicua

Gyrothyris mawsoni

Neothyris parva

Terebratalia transversa

Macandrevia cranium

Fallax neocaledonensis

Laqueus californianus

Megerlia truncata

Terebratella sanguinea

Notosaria nigricans

Hemithyris psittaceae

Neocrania anomala

Neocrania huttoni

Discina striata

Glottidia pyramidata

Lingula lingua

Lingula anatina

Phoronis architecta

Phoronis psammophila

Phoronis vancouverensis

Alboglossiphonia heteroclita

Hirudo medicinalis

Haemopis sanguisuga

Barbronia weberi

Eisenia fetida

Lumbricus rubellus

Dero digitata

Xironogiton victoriensis

Sathodrilus attenuatus

Nereis virens

Aphrodita aculeata

Nereis limbata

Capitella capitata

Harmothoe impar

Sabella pavonina

Magelona mirabilis

Scoloplos armiger

Polydora ciliata

Pygospio elegans

Lanice conchilega

Nephtys hombergii

Glycera americana

Dodecaceria concharum

Chaetopterus variopedatus

Siboglinum fiordicum

Ridgeia piscesae

Ochetostoma erythrogrammon

Pedicellina cernua

Barentsia hildegardae

Barentsia benedeni

Symbion pandora

Plumatella repens

Alcyonidium gelatinosum

Porania pulvillus

Asterias amurensis

Astropecten irregularis

Stomopneustes variolaris

Mespilia globulus

Temnopleurus hardwickii

Salmacis sphaeroides

Tripneustes gratilla

Ophiopholis aculeta

Strongylocentrotus intermedius

Colobocentrotus atratus

Echinus esculentus

Sphaerechinus granularis

Psammechinus miliaris

Diadema setosum

Centrostephanus coronatus

Eucidaris tribuloides

Fellaster zelandiae

Cassidulus mitis

Echinodiscus bisperforatus

Encope aberrans

Echinocardium cordatum

Brissopsis lyrifera

Meoma ventricosa

Arbacia lixula

Asthenosoma owstoni

Psychropotes longicauda

Cucumaria sykion

Lipotrapeza vestiens

Stichopus japonicus

Ophiocanops fugiens

Amphipholis squamata

Strongylocentrotus purpuratus

Ophiomyxa brevirima

Ophioplocus japonicus

Astrobrachion constrictum

Antedon serrata

Endoxocrinus parrae

Eptatretus stouti

Myxine glutinosa atlantic hagfis

Petromyzon marinus

Lampetra aepyptera

Plethodon yonhalossee

Amphiuma tridactylum

Siren intermedia

Ambystoma mexicanum

Eleutherodactylus cuneatus

Hyla cinerea

Bufo valliceps

Nesomantis thomasseti

Gastrophryne carolinensis

Xenopus laevis

Scaphiopus holbrooki

Discoglossus pictus

Grandisonia alternans

Hypogeophis rostratus

Ichthyophis bannanicus

Typhlonectes natans

Homo sapiens

Mus musculus

Rattus norvegicus

Oryctolagus cuniculus

Alligator mississippiensis

Turdus migratorius

Gallus gallus

Heterodon platyrhinos

Sceloporus undulatus

Sphenodon punctatus

Pseudemys scripta

Latimeria chalumnae

Elops hawaiiensis

Megalops atlanticus

Ophichthus rex

Echiophis punctifer

Hiodon alosoides

Albula vulpes

Salmo trutta

Oncorhynchus kisutch

Cyprinus carpio

Ictalurus punctatus

Clupea harengus

Fundulus heteroclitus

Amia calva

Lepisosteus osseus

Polyodon spathula

Sebastolobus altivelis

Rhinobatos lentiginosus

Echinorhinus cookei

Squalus acanthias

Notorynchus cepedianus

Branchiostoma floridae

Halocynthia roretzi

Styela plicata

Herdmania momus

Oikopleura dioica

Doliolum nationalis

Thalia democratica

Pyrosoma atlanticum

Ciona intestinalis

Saccoglossus kowalevskii

Balanoglossus carnosus

Dicyema acuticephalum

Dicyema orientale

Sagitta elegans

Sagitta crassa

Paraspadella gotoi

Phascolosoma granulatum

Prostoma eilhardi

Haplogonaria syltensis

Atriofonta polyvacuola

Actinoposthia beklem
ischevi

Aphanastoma virescens

Convoluta pulchra

Anaperus tvaerm
innensis

Sym
sagittifera psam

m
ophila

Convoluta roscoffensis

Convoluta naikaiensis

Anaperus biaculeatus

Paedomecynostomum bruneum

Postm
ecynostomum

 pictum

Childia groenlandica

Philom
ecynostom

um
 lapillum

Sim
plicom

orpha gigantorhabditis

Paratom
ella rubra

Dugesia subtentaculata

Dugesia ryukyuensis

Girardia tigrina

M
icroplana scharfii

Caenoplana caerulea

Australoplana sanguinea

Arthiopostia triangulata

Dugesia japonica

Dugesia iberica

Dugesia m
editerranea

Dugesia polychroa

Cura pinguis

Neppia m
ontana

M
icroplana nana

Bipalium
 kewense

Platydem
us m

anokwari

Artioposthia triangulata

Dendrocoelopsis lactea

Crenobia alpina

Polycelis nigra

Phagocata ullala

Ectoplana lim
uli

Bipalium
 trilineatum

Heronim
us m

ollis

Prosorhynchoides gracilescens

Stephanostom
um

 baccatum

Zalophotrem
a hepaticum

Nasitrem
a globicephalae

Tetracerasta blepta

Fasciola gigantica

Dicrocoelium
 dendriticum

Fasciola hepatica

Fasciolopsis buski

Echinostom
a caproni

O
pisthorchis viverrini

Calicophoron calicophorum

Schistosom
a japonicum

Schistosom
a m

ansoni

Schistosom
a spindale

Schistosom
a haem

atobium

M
ulticotyle purvisi

Lobatostom
a m

anteri

Zeuxapta seriolae

Plectanocotyle gurnardi

Diclidophora denticulata

Kuhnia scom
bri

Bivagina pagrosom
i

Neom
icrocotyle pacifica

Pseudohexabothrium
 taeniurae

Neopolystom
a spratti

Polystom
oides m

alayi

G
rillotia erinaceus

Abothrium
 gadi

Bothriocephalus scorpii

Proteocephalus exiguus

G
yrocotyle urna

Dictyocotyle coeliaca

C
alicotyle affinis

Troglocephalus rhinobatidis

Leptocotyle m
inor

Pseudom
urraytrem

a ardens

G
yrodactylus salaris

Udonella caligorum

Encotyllabe chironem
i

Bothrom
esostom

a personatum

Plagiostom
um

 cinctum

Plagiostom
um

 striatum

Plicastom
a cuticulata

Vorticeros ijim
ai

Plagiostom
um

 vittatum

Plagiostom
um

 ochroleucum

Pseudostom
um

 klosterm
anni

Pseudostom
um

 quadrioculatum

Cylindrostom
a fingalianum

C
ylindrostom

a gracilis

Pseudostom
um

 gracilis

U
lianinia m

ollissim
a

R
eisingeria hexaoculata

Urastom
a cyprinae

Archiloa rivularis

N
em

ertinoides elongatus

Planocera m
ultitentaculata

Notoplana koreana

N
otoplana australis

D
iscocelis tigrina

Pseudoceros tritriatus

Thysanozoon brocchii

G
eocentrophora sphyrocephala

G
eocentrophora baltica

M
icrostom

um
 lineare

M
acrostom

um
 tuba

Stenostom
um

 leucops aquariorum

Stenostom
um

 leucops

Eubostrichus parasitiferus

Eubostrichus topiarius

Eubostrichus dianae

C
hrom

adoropsis vivipara

D
esm

odora ovigera

Laxus oneistus

Laxus cosm
opolitus

Stilbonem
a m

ajum

R
obbea hyperm

nestra

Acanthopharynx m
icans

Plectus aquatilis

Plectus acum
inatus

C
ruznem

a tripartitum

R
habditella axei

Pellioditis typica

R
habditis blum

i

R
habditis m

yriophila

H
aem

onchus placei

H
aem

onchus sim
ilis

H
aem

onchus contortus

N
em

atodirus battus

O
stertagia ostertagi

N
ippostrongylus brasiliensis

Syngam
us trachea

H
eterorhabditis bacteriophora

C
aenorhabditis briggsae

C
aenorhabditis elegans

C
aenorhabditis vulgaris

Pelodera strongyloides

Panagrellus redivivus

Teratorhabditis palm
arum

Aduncospiculum
 halicti

Pristionchus lheritieri

D
iplogaster lethieri

Strongyloides stercoralis

Strongyloides ratti

Steinernem
a carpocapsae

Zeldia punctata

C
ephalobus oryzae

M
eloidogyne arenaria

G
lobodera pallida

Aphelenchus avenae

Pseudoterranova decipiens

Terranova caballeroi

Toxocara canis

C
ontracaecum

 m
ultipapillatum

B
aylisascaris transfuga

A
scaris suum

Parascaris equorum

A
scaris lum

bricoides

B
aylisascaris procyonis

Toxascaris leonina

Porrocaecum
 depressum

G
oezia pelagia

Iheringascaris inquies

H
ysterothylacium

 pelagicum

H
ysterothylacium

 fortalezae

H
ysterothylacium

 reliquens

H
eterocheilus tunicatus

C
ruzia am

ericana

B
rum

ptaem
ilius justini

B
rugia m

alayi

D
irofilaria im

m
itis

G
nathostom

a neoprocyonis

G
nathostom

a binucleatum

G
nathostom

a turgidum

Teratocephalus lirellus

D
aptonem

a procerus

D
iplolaim

elloides m
eyli

Paracanthonchus caecus

Pontonem
a vulgare

E
noplus brevis

E
noplus m

eridionalis

P
rism

atolaim
us interm

edius

Paratrichodorus anem
ones

Paratrichodorus pachyderm
us

Trichodorus prim
itivus

M
erm

is nigrescens

M
ylonchulus arenicolus

X
iphinem

a rivesi

Longidorus elongatus
Trichuris m

uris

Trichinella spiralis

G
ordius aquaticus

G
ordius albopunctatus

C
hordodes m

organi

R
hopalura ophiocom

ae

E
chinorhynchus gadi

Polym
orphus altm

ani

C
orynosom

a enhydri

C
entrorhynchus conspectus

P
lagiorhynchus cylindraceus

Pom
phorhynchus bulbocoli

Leptorhynchoides thecatus

N
eoechinorhynchus crassus

N
eoechinorhynchus pseudem

ydis

M
acracanthorhynchus ingens

M
oliniform

is m
oliniform

is

M
ediorhynchus grandis

P
hilodina acuticornis

B
rachionus plicatilis

Lepidoderm
ella squam

m
ata

G
nathostom

ula paradoxa

Trichoplax adhaerens
H

aliplanella lucia

Flosm
aris m

utsuensis

A
nthopleura kurogane
A

nthopleura m
idori

A
nem

onia sulcata

R
hizopsam

m
ia m

inuta
E

piactis japonica
Tubastraea aurea

A
ntipathes galapagensis

A
ntipathes lata

Parazoanthus axinellae

C
alicogorgia granulosa

B
ellonella rigida

E
uplexaura crassa

A
lcyonium

 gracillim
um

Leioptilus fim
briatus

V
irgularia gustaviana

C
oryne pusilla

H
ydra littoralis

G
ym

nangium
 hians

S
elaginopsis cornigera

Polypodium
 hydriform

e
Tripedalia cystophora

A
tolla vanhoeffeni

C
raterolophus convolvulus

M
ycale fibrexilis

M
icrociona prolifera

S
uberites ficus

A
xinella polypoides

Tetilla japonica
E

unapius fragilis
S

pongilla lacustris
E

phydatia m
uelleri

R
habdocalyptus daw

soni
S

cypha ciliata
S

ycon calcaravis
C

lathrina cerebrum
B

eroe cucum
is

M
nem

iopsis leidyi
Teleaulax am

phioxeia
H

em
iselm

is brunnescens
H

em
iselm

is virescens
H

em
iselm

is rufescens
P

lagiom
onas am

ylosa
P

roteom
onas sulcata

G
uillardia theta

G
oniom

onas truncata
A

cantham
oeba lenticulata

A
cantham

oeba pustulosa

A
cantham

oeba palestinensis
A

cantham
oeba griffini

A
cantham

oeba pearcei
A

cantham
oeba hatchetti

A
cantham

oeba stevensoni
A

cantham
oeba castellanii

A
cantham

oeba lugdunensis
A

cantham
oeba rhysodes

A
cantham

oeba royreba
A

cantham
oeba polyphaga

A
cantham

oeba culbertsoni
A

cantham
oeba healyi

A
cantham

oeba com
andoni

A
cantham

oeba tubiashi
A

cantham
oeba astronyxis

C
yanophora paradoxa

C
yanoptyche gloeocystis

G
laucocystis nostochinearum

A
rthrocardia filicula

S
erraticardia m

acm
illanii

B
ossiella orbigniana

C
alliarthron cheilosporioides
C

alliarthron tuberculosum
B

ossiella californica
C

orallina officinalis
C
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The standard (?) phylogenetic model – Step 1

7

5

3

1

6

2 4

Write Yi for the denote the nucleotide exhibited by “individual” i for some
site. (Note: The taxa are 1, 2, 3, 4 – we do not observe the ancestors
5, 6, 7.)
We assume

Y1 and Y2 are conditionally independent given Y5,
Y3 and Y4 are conditionally independent given Y6,
the pair (Y1, Y2) is conditionally independent of the pair (Y3, Y4) given any
one of Y5, Y6, or Y7.
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Standard model – Step 1 – continued

7

5

3

1

6

2 4

Because of this dependence structure, a joint probability such as

P{Y1 = A, Y2 = A, Y3 = G,Y4 = C, Y5 = T, Y6 = T, Y7 = A}

can be computed as

P{Y7 = A} × P{Y5 = T |Y7 = A}P{Y6 = T |Y7 = A}
× P{Y1 = A |Y5 = T}P{Y2 = A |Y5 = T}
× P{Y3 = G |Y6 = T}P{Y4 = C |Y6 = T}.
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Standard model – Step 2

To get the probability of the data (that is, the likelihood) for a single site we
“sum over” the unobserved “individuals”. For example, for the 2 taxon tree

3

1

2

P{Y1 = A, Y2 = G}
= P{Y3 = A}P{Y1 = A |Y3 = A}P{Y2 = G |Y3 = A}

+ P{Y3 = G}P{Y1 = A |Y3 = G}P{Y2 = G |Y3 = G}
+ P{Y3 = C}P{Y1 = A |Y3 = C}P{Y2 = G |Y3 = C}
+ P{Y3 = T}P{Y1 = A |Y3 = T}P{Y2 = G |Y3 = T}.
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Standard model – Step 3

So far, we have a model for what happens at a single site with parameters:

the underlying tree
(4− 1) = 3 numerical parameters at the root (= distribution of root
nucleotide)
4(4− 1) numerical parameters per edge (= conditional probabilities
describing what happens on and edge = substitution probabilities)

To model what happens jointly at different sites, the most common
assumption is that different sites are independent with the same tree, but
possibly different root and substitution probabilities =⇒ likelihood for the
data is the product of the likelihoods for each site.

Some models have the substitution probabilities for each (site, edge) pair
as independent picks from a fixed distribution or variants thereof
(associated with jargon such as rates-across-sites).
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Markov chains models for substitution

The matrix of substitution probabilities for an edge captures effect of the
substitutions that occurred between the times that the individuals
associated with the start and finish of the edge were alive.

We should model the time dynamics of this substitution process.

The most natural and tractable dynamics are those of a
(time-homogeneous) Markov chain. That is, if the site currently exhibits a
certain nucleotide, B′ say, then (independently of the past) the nucleotide
changes at rate q(B′, B′′) to some other nucleotide B′′.
More formally, if the position currently exhibits nucleotide B′, then:

independently of the past, the probability that the elapsed time until a
change occurs is greater than t is exp(−

∑
B′′ 6=B′ q(B

′, B′′) t),
independently of how long it takes until a change occurs, the probability
that it is to B′′ is proportional to q(B′, B′′).
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The Jukes-Cantor model

The simplest Markov chain model for nucleotide substitution is the
Jukes-Cantor model in which q(B′, B′′) is the same for all B′ 6= B′′.
Under this model,

the distribution of the amount of time spent at the current nucleotide
before a change occurs does not depend on the nucleotide,
all 3 choices of the new nucleotide are equally likely when a change occurs.
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Biochemistry of the DNA nucleotides

Biochemically, the nucleotides fall into two families: the purines (adenine
and guanine) and the pyrimidines (cytosine and thymine).

Substitutions within a family are called transitions, and they have a
different biochemical status to substitutions between families, which are
called transversions.
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Kimura’s models

A C

G T
Arrows with of the same type have the same rate.

A sub-model has the same rates for all transversions.

Steven N. Evans Metagenomics



Computing the substitution matrices

Probabilists usually record the rates for a Markov chain as an infinitesimal
generator matrix Q that has q(B′, B′′) in position (B′, B′′), B′ 6= B′′,
and q(B′, B′) = −

∑
B′′ 6=B′ q(B

′, B′′), so the rows of Q sum to zero.

For example, the infinitesimal generator for the 3 parameter Kimura model
is

Q =


A G C T

A −(α+ β + γ) α β γ
G α −(α+ β + γ) γ β
C β γ −(α+ β + γ) α
T γ β α −(α+ β + γ)

.
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Computing the substitution matrices - continued

The infinitesimal generator is more than just an accounting device: for any
s, t ≥ 0 the entry in row B′ and column B′′ of the matrix

exp(tQ) = I + tQ+
t2

2!
Q2 +

t3

3!
Q3 + · · ·

gives the conditional probability that nucleotide B′′ will be exhibited at
time s+ t given that nucleotide B′ is exhibited at time s.

In particular, if an edge has length u, then the substitution matrix for the
edge is exp(uQ).
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Finding estimators

NOW THAT WE HAVE A PROBABILITY MODEL FOR OUR DATA,
HOW DO WE USE IT TO ESTIMATE THE CORRECT TREE?
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Maximum likelihood

Estimate the parameters using the choice of parameters that maximizes
the likelihood (i.e. makes the data most probable).

This problem can’t be solved analytically in phylogeny. It is usually
computationally expensive (high-dimensional optimization), and involves
explicitly estimating the numeric parameters even if we only want the
shape of the tree.

Even numerically, heuristics have to be used for large numbers of taxa
(e.g. RAxML).
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Metagenomics

Next-generation sequencing technology enables sequencing of hundreds of
thousands to millions of short DNA sequences in a single experiment.

Microbial genetic material can be extracted in bulk from a sample taken
from some environment and directly sequenced.

It is no longer necessary to identify individual species by morphology or
culturing experiments.

This technology has revolutionized the possibilities for surveys of
environmental microbial diversity, ranging from the human gut (Gill et al.,
2006) to acid mine drainages (Baker and Banfield, 2003).
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How is this done?

Schematic for Pyrosequencing Approach

16S rRNA Gene

Fusion primer A: broad range Fw primer

Fusion primer B: Bar code: Broad 
range Rev

PCR Products
w/ Fusion Primers

Broad-range PCR

Attachment to Bead

emPCR

Alignment /Data Analysis

Beads to Picotiter Plate

Sequencing by 
synthesis

Steven N. Evans Metagenomics



Why might a survey of a “microbiome” be useful?
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Why might a survey of a “microbiome” be useful? – continued

Women with BV
• Comparison of Nugent Score 10 and 
Nugent score 8 
• Predominant taxon is BVAB1 when the 
Nugent Score is 10 – curved 
morphotype
• L. iners often called as Gardnerella
morphotype
• Quantitative PCR – Median values

• BVAB1:  5.1 x 108 copies
• Mobiluncus spp:  3.7 x 105 copies
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What can we do with this data?

Huge amount of data – 400K sequences from a single run.

“Reads” (little shreds of DNA) are often short and non-overlapping.

Not enough signal in the data to resolve a phylogenetic tree.

Computationally infeasible to build a tree anyway.
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Phylogenetic placement

Begin with a reference phylogenetic tree constructed from
previously-characterized DNA sequences.

Place query sequences at their most likely position on the reference tree.

Recent such algorithms are able to place tens of thousands of query
sequences on a reference tree of one thousand taxa (species).

Rather than point placements, likelihood weight ratios can be used to
approximate a posterior probability and spread a placement out as a
probability distribution on the reference tree.
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What we start with
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One placement

X
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What we end up with

X

Y

Z

W
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Spread out placements

Steven N. Evans Metagenomics



An example

(Vila-Costa et al, 2010): compare communities of marine bacteria in the
Sargasso Sea with and without dimethylsulfoniopropionate (DMSP)
enrichment.

Their data was downloaded from the CAMERA website and alignment of
the psbA gene was supplied by Robin Kodner (UW Friday Harbor
Laboratories).

Searching and alignment was performed using HMMER (Eddy, 1998).

Phylogenetic placement was performed using pplacer (Matsen, Kodner and
Armbrust, 2010).

909 control reads and 451 DMSP treatment reads
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A mathematical framework

Mathematically, we have m placements in the control sample and n
placements in the treatment sample.

Each control (resp. treatment) placement is a probability measure Pi
(resp. Qj) on the reference tree T .
Distinguishing between the two samples is a matter of comparing the
probability measures P := 1

m

∑
i Pi and Q = 1

n

∑
j Qj .
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Edge lengths fattened by control placement weight
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Edge lengths fattened by treatment placement weight
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Probability measures on trees have barycenters

The reference tree T has a metric d on it (evolutionary distance).

The metric space (T , d) is Hadamard (i.e. complete, simply connected
and negatively curved in a suitable sense).

Because it is a Hadamard space with bounded diameter, probability
measures on T have barycenters: if P is a probability measure on T , then
there is a unique µ ∈ T minimizing x 7→

∫
T d(x, y)2 P(dy).

Any point x ∈ T splits T into two or more subtrees S. It is straightforward
to calculate µ from a knowledge of

∫
S d(x, y) P(dy) for all x and S.

x
y

w

v
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Bare-hands proof that barycenters exist

As a continuous function on a compact metric space, the function
f : T → R+ defined by f(x) :=

∫
T d(x, y)2 P (dy) achieves its infimum.

Suppose that the infimum is achieved at two points x′ and x′′. Define a
function γ : [0, d(x′, x′′)]→ [x′, x′′], where [x′, x′′] ⊆ T is the path
between x′ and x′′, by the requirement that γ(t) is the unique point in
[x′, x′′] that is distance t from x′.

Check that the composition f ◦ γ is strongly convex; that is,

(f ◦ γ)(αr + (1− α)s) < α(f ◦ γ)(r) + (1− α)(f ◦ γ)(s)

for 0 < α < 1 and r, s ∈ [0, d(x′, x′′)].

In particular,
f(γ(d(x′, x′′)/2)) = (f ◦ γ)(d(x′, x′′)/2) < (f(x′) + f(x′′))/2,
contradicting the definitions of x′ and x′′.
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How do we find the barycenter?

For each point u ∈ T there is the associated set of directions in which it is
possible to proceed when leaving u: there is one direction for every
connected component of T \ {u}.
Given a point u ∈ T and a direction δ, write T (u, δ) for the subset of T
consisting of points v 6= u such that the unique path connecting u and v
departs u in the direction δ, set

D(u, δ) := −
∫
T (u,δ)

d(u, y) P(dy) +

∫
T \T (u,δ)

d(u, y) P(dy),

and note that

lim
v

1

d(u, v)

[∫
T
d(v, y)2 P(dy)−

∫
T
d(u, y)2 P(dy)

]
= 2D(u, δ),

where the limit is taken over v → u, v ∈ T (u, δ).
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How do we find the barycenter? - continued

If for some vertex u of the reference tree D(u, δ) ≥ 0 for all directions δ
associated with u, then u is the barycenter (this case includes the trivial
one in which u is a leaf and all the mass of P is concentrated on u).

If there is no such vertex, then there must be a unique pair of neighboring
vertices a and b such that D(a, α) < 0 and D(b, β) < 0, where α is the
direction from a pointing towards b and β is the direction from b pointing
towards a. In that case, the barycenter must lie on the edge between a and
b, and the barycenter is the point u ∈ (a, b) such that d(a, u) = −D(a, α).
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Our two samples have very similar barycenters!

Cyanophora_paradoxa_
chloroplast_Galdieria_sulphuraria.AY541295_

chloroplast_Galdieria_sulphuraria.AY541294_
chloroplast_Cyanidium_caldarium.AY541290_

chloroplast_Bumilleriopsis_filiformis.X79223_
Bigelowiella_natans_
Chlorella_vulgaris_

chloroplast_Chlorella_vulgaris.EU043044_
chloroplast_Pseudochlorella_sp._CCAP_211_1A.EU043048_

Nostoc_sp._PCC_7120

Fremyella_diplosiphon.FDIPSBA_
Cyanothece_sp._ATCC_51142.CAU39610_
Cyanothece_sp._PCC_8801

Synechococcus_sp._PCC_7335
Synechococcus_sp._JA-2-3Ba___

Cyanothece_sp._PCC_7425

Prochlorothrix_hollandica.X14523_
Synechococcus_sp._WH_5701_

Synechococcus_sp._WH_8102

Synechococcus_sp._CC9605
Synechococcus_sp._WH_7803__
Synechococcus_sp._RS9917__
Cyanobium_sp._PCC_70

Prochlorococcus_marinus_subsp._pastoris_str._CCMP1986
Prochlorococcus_marinus_str._MIT_9301_
Prochlorococcus_marinus_str._MIT_9312

Prochlorococcus_marinus_subsp._marinus_str._CCMP1375
chloroplast_Pavlova_lutheri.AY119755_
chloroplast_Imantonia_rotunda.EU851963_

chloroplast_Phaeocystis_antarctica.AY119756_
chloroplast_Pleurochrysis_carterae.AY119757_
chloroplast_Ostreococcus_sp._RCC344.EU851961_

uncultured_Prasinophyceae.AY509537_
plastid_uncultured_Prasinophyceae.AY176639_

Pmultiseries_psbA_

chloroplast_Heterosigma_akashiwo.AY119759_
chloroplast_Dictyota_dichotoma_var._linearis.AY422632_
plastid_Padina_japonica.AY430360_

chloroplast_Padina_crassa.AY422643_
chloroplast_Erythrotrichia_carnea.AY119739_

chloroplast_Bangiopsis_subsimplex.AY119736_
plastid_Carpoblepharis_flaccida.DQ787643_

Porphyra_purpurea_
0.1

controls = • DSMP = ∗
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How far apart are two probability measures? - first attempt

Suppose that µ and ν are two probability measures on a measurable space
(S,S). How do we measure “how far apart” µ and ν are?

The total variation distance between µ and ν is

dTV (µ, ν) := sup
A∈S
|µ(A)− ν(A)|.

Check that dTV is a metric on the set of probability measures on (S,S).

Note that µ(A)− ν(A) = ν(Ac)− µ(Ac), so

dTV (µ, ν) = sup
A∈S

(µ(A)− ν(A)).
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An explicit formula for the total variation distance

Choose a measure λ on (S,S) such that µ� λ and ν � λ, with µ = φ · λ
and ν = ψ · λ. Then,

µ(A)− ν(A) =

∫
A

(φ(s)− ψ(s))λ(ds),

and this is clearly maximized by taking A = {s ∈ S : φ(s) > ψ(s)}.
Consequently,

dTV (µ, ν) =

∫
S

(φ(s)− ψ(s))+ λ(ds)

=

∫
S

(ψ(s)− φ(s))+ λ(ds)

=
1

2

∫
S

|φ(s)− ψ(s)|λ(ds)

=
1

2

∫
S

(φ(s) + ψ(s)− 2φ(s) ∧ ψ(s))λ(ds)

= 1−
∫
S

φ(s) ∧ ψ(s)λ(ds).

Steven N. Evans Metagenomics



Function formulation of the total variation distance

Let F be the set of measurable functions f : S → R such that
−1 ≤ f ≤ 1.

Check that

dTV (µ, ν) = sup
f∈F

1

2

(∫
S

f(s)µ(ds)−
∫
S

f(s) ν(ds)

)
.
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Dual description of the total variation distance – coupling

Suppose that (X,Y ) is an S × S-valued random variable on some
probability space (Ω,F ,P) such that X has distribution µ and Y has
distribution ν.

Check that

µ(A)− ν(A) = P{X ∈ A} − P{Y ∈ A}
= E[1A(X)− 1A(Y )]

≤ E[1{X 6= Y }]
= P{X 6= Y }.

Thus,
dTV (µ, ν) ≤ P{X 6= Y }.
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Dual description of TV and coupling – continued

Conversely, let I, U, V,W be independent random variables where I is
{0, 1}-valued with

P{I = 1} = p :=

∫
S

φ(s) ∧ ψ(s)λ(ds)

and U, V,W are S-valued with

P{U ∈ ds} = φ(s) ∧ ψ(s)λ(ds)/p,

P{V ∈ ds} = (φ(s)− ψ(s))+ λ(ds)/(1− p),
P{W ∈ ds} = (ψ(s)− φ(s))+ λ(ds)/(1− p).

Set

(X,Y ) =

{
(U,U), if I = 1,

(V,W ), if I = 0.

Check that X has distribution µ, Y has distribution ν, and

P{X 6= Y } = (1− p) = dTV (µ, ν).
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Dual description of TV and coupling – continued

Therefore, if we write R for the set of probability measures ρ on (S × S,S × S)
with the property ρ(A× S) = µ(A) and ρ(S ×B) = ν(B), then

dTV (µ, ν) = inf
ρ∈R

∫
S×S

r(x, y) ρ(dx, dy),

where r is the discrete metric on S given by

r(x, y) =

{
0, if x = y,

1, otherwise.
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The total variation distance isn’t that useful

The total variation distance pays no attention to the evolutionary distance
structure on the tree: if one took k point placements and constructed
another set of placements by perturbing each of the original placements by
a tiny amount so that the two sets of placements were disjoint, then the
total variation distance between the corresponding probability distributions
would be 1, the largest it can be for any pair of probability distributions,
even though we should regard the two sets of placements as being very
close. (Even genetic material from organisms of the same species can
result in slightly different placements due to genetic variation within
species and experimental error.)

We need a metric that incorporates the evolutionary distance on the
reference tree and measures two distributions as being close if one is
obtained from the other by short range redistributions of mass.
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Probability measures as piles of dirt

Can we compare two probability measures by thinking of them as two
collections of dirt piles and asking how much work we have to do to transform
one into the other?
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Gaspard Monge and optimal transport (1781)

déblai = material dug from a quarry
remblai = material put into new construction
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Kantorovich-Rubinstein distance

The Kantorovich-Rubinstein distance between two probability measures P and
Q on the tree T with metric d is

Z1(P,Q) := inf

{∫
T ×T

d(x, y) R(dx, dy)

}
,

where the infimum is over all probability measures R with R(A× T ) = P(A)
and R(T ×B) = Q(B).

That is,
Z1(P,Q) := inf {E[d(X,Y )]} ,

where the infimum is over pairs (X,Y ) of T -valued random variables such that
X has distribution P and Y has distribution Q.
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A dual formulation of KR distance

By convex duality (essentially an infinite dimensional version of the
fundamental theorem of linear programming),

Z1(P,Q) = sup

{∫
T
f(x) P(dx)−

∫
T
f(y) Q(dy)

}
,

where the supremum is over all functions f with |f(u)− f(v)| ≤ d(u, v).

Note the similarity with the dual descriptions of the total variation distance.

WE WILL PROVE THIS LATER.
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An explicit formula Kantorovich-Rubinstein distance

Fix a point ρ ∈ T (the “root”). For y ∈ T , let S(y) be the “subtree on the
other side of y”.

r

y S(y)
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An explicit formula – continued

Observe that if h : T → R is a bounded Borel function and µ is a Borel
probability distribution on T , then we have the integration-by-parts formula∫

T

(∫
[ρ,x]

h(y)λ(dy)

)
µ(dx) =

∫
T ×T

1[ρ,x](y)h(y) (µ⊗ λ)(dx, dy)

=

∫
T ×T

1S(y)(x)h(y) (µ⊗ λ)(dx, dy)

=

∫
T
h(y)

(∫
S(y)

µ(dx)

)
λ(dy)

=

∫
T
h(y)µ(S(y))λ(dy),

where λ is the length measure on T .
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An explicit formula – continued

Any function f : T → R with |f(u)− f(v)| ≤ d(u, v) can be written as

f(x) = C +

∫
[ρ,x]

g(y)λ(dy)

for some constant C and Borel function g : T → R with −1 ≤ g ≤ +1.

Thus, if P and Q are two probability distributions on T we have

Z1(P,Q) = sup

{∫
T
g(y) [P(S(y))−Q(S(y))] λ(dy) : −1 ≤ g ≤ +1

}
.

It is clear that the integral is maximized by taking g(y) = +1 (resp.
g(y) = −1) when P(S(y)) > Q(S(y)) (resp. P(S(y)) < Q(S(y))), so that

Z1(P,Q) =

∫
T
|P(S(y))−Q(S(y))| λ(dy).
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Kantorovich-Rubinstein / Wasserstein / Monge-Wasserstein distance

Consider a compact metric space (S, d).

For any two probability measures P and Q on S, the
Kantorovich-Rubinstein or Wasserstein or Monge-Wasserstein distance
between them is

W (P,Q) := inf

{∫
d(x, y) dµ(x, y) : µ ∈M(P,Q)

}
,

where M(P,Q) is the set of all probability measures on S × S with
marginals P and Q.

The distance Z1 for probability measures on a tree (T , d) is a special case.
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The discrete transportation problem

There are m warehouses with a supply of a certain product, and n shops
to which this product must be shipped.
The ith warehouse possesses an amount pi.
The jth shop must receive an amount qj .
Suppose that

∑
i pi =

∑
j qj = 1.

Let cij be the cost of shipping one unit from warehouse i to shop j.
Write xij ≥ 0 for the quantity shipped from warehouse i to shop j.

The problem is to minimize the total shipping cost∑
ij

xijcij

subject to the constraints ∑
j

xij = pi, 1 ≤ i ≤ m,

and ∑
i

xij = qj , 1 ≤ j ≤ n.
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The discrete transportation problem – continued

The dual of the transportation problem involves variables ui ≥ 0, 1 ≤ i ≤ m,
and vj ≥ 0, 1 ≤ j ≤ n.
The dual problem is to maximize

n∑
j=1

vjqj −
m∑
i=1

uipi

subject to the constraints

cij ≥ vj − ui, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

The dual may be interpreted as the problem faced by a shipper who comes to
the company that owns the warehouses and shops and offers to take care of the
company’s shipping needs by buying units of the product from warehouse i at
price ui and selling them to shop j at price vj . The constraint cij ≥ vj − ui
says that for warehouse i and shop j it is cheaper for the company to use the
shipper instead of its own means of transporting the product.
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The discrete transportation problem – continued

The fundamental theorem of linear programming says that

min
∑
ij

xijcij

subject to

xij ≥ 0,
∑
j

xij = pi,
∑
i

xij = qj , 1 ≤ i ≤ m, 1 ≤ j ≤ n.

=

max

(
n∑
j=1

vjqj −
m∑
i=1

uipi

)
subject to

ui ≥ 0, vj ≥ 0, cij ≥ vj − ui, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Steven N. Evans Metagenomics



Lipschitz functions and the dual metric

The Lipschitz seminorm for a real-valued function f on the compact
metric space S is

||f ||L := sup{|f(x)− f(y)|/d(x, y) : x 6= y ∈ S}.

For two probability measures P and Q on S set

γ(P,Q) := sup

{∫
f d(P−Q) : ||f ||L ≤ 1

}
=

{∫
f d(P−Q) : |f(x)− f(y)| ≤ d(x, y), x, y ∈ S

}
.
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Kantorovich-Rubinstein theorem

Theorem 1 (Kantorovich-Rubinstein)

For any two probability measures P and Q on a compact metric space (S, d),

W (P,Q) = γ(P,Q),

and W = γ is a metric on the space of probability measures on (S, d)

Proof. It is clear that γ is a pseudometric and that W (P,Q) = 0 if and only if
P = Q, so it suffices to show that W = γ.

Suppose µ ∈M(P,Q) and ||f ||L ≤ 1. Then,∫
f d(P−Q) =

∫
(f(x)− f(y)) dµ(x, y) ≤

∫
d(x, y) dµ(x, y).

Taking the supremum over f , and the infimum over µ, gives

γ(P,Q) ≤W (P,Q).
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Kantorovich-Rubinstein theorem – proof

For the reverse inequality we need some further lemmas.
For any continuous real-valued function h on S × S and probability measures P
and Q on S let

mP,Q(h) := sup

{∫
f dP +

∫
g dQ : f(x) + g(y) < h(x, y) for all x, y

}
.

Let C(S × S) be the space of all continuous real-valued functions on S × S.
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Kantorovich-Rubinstein theorem – proof

Lemma 2

For any compact metric space (S, d), probability measures P and Q on S, and
h ∈ C(S × S),

mP,Q(h) = inf

{∫
h dµ : µ ∈M(P,Q)

}
.

Proof. For any µ ∈M(P,Q), clearly mP,Q(h) ≤
∫
h dµ. So, “≤” holds in the

claimed equation.

For the converse inequality, let L be the linear subspace of functions of the
form φ(x, y) = f(x) + g(y) for continuous functions f and g on S, and set

r(φ) =

∫
f dP +

∫
g dQ.

Then, r is well-defined since if f(x) + g(y) ≡ k(x) + j(y), then
f(x)− k(x) ≡ j(y)− g(y), which must be some constant c, so k = f − c and
j = g + c, giving

∫
(f − k) dP +

∫
(g − j) dQ = 0.
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Kantorovich-Rubinstein theorem – proof

For any h ∈ C(S × S) let

U = Uh := {k ∈ C(S × S) : k(x, y) < h(x, y) for all x, y}.

Then, U is a convex set, open for the supremum norm (since S is compact).

Now r is a linear functional on L, not identically 0, and bounded above on the
non-empty convex set U ∩ L, since f(x) + g(y) < h(x, y) for all x, y implies
r(φ) ≤ sup(f) + sup(g) < +∞.

So, by one form of the Hahn-Banach theorem, r can be extended to a linear
functional ρ on C(S × S) with supu∈U ρ(u) = supv∈U∩L r(v).
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Kantorovich-Rubinstein theorem – proof

Suppose u ∈ C(S × S) and u(x, y) ≥ 0 for all x, y. Then, for any c ≥ 0,
h− 1− cu ∈ U , so ρ(h− 1− cu) is bounded above as c→ +∞, implying
ρ(u) ≥ 0.

By the Riesz representation theorem, there is a nonnegative, finite measure ρ
on S × S such that

ρ(k) =

∫
k dρ, for all k ∈ C(S × S).

Since ρ = r on L, we have for any f and g ∈ C(S) that∫
f(x) dρ(x, y) =

∫
f dP and

∫
g(y) dρ(x, y) =

∫
g dQ.

Thus, ρ ∈M(P,Q).
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Kantorovich-Rubinstein theorem – proof

Now,

mP,Q(h) = sup
u∈U∩L

r(u) = sup
U
ρ(u) =

∫
h dρ,

so

mP,Q(h) ≥ inf

{∫
h dµ : µ ∈M(P,Q)

}
,

proving Lemma 2.
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Kantorovich-Rubinstein theorem – proof

Lemma 3

If S is a compact metric space and h ∈ C(S × S) is a pseudometric on S, then

mP,Q(h) = sup
j∈Jh

∣∣∣∣∫ j d(P−Q)

∣∣∣∣ = sup
j∈Jh

∫
j d(P−Q)

where

Jh := {j ∈ C(S) : |j(x)− j(y)| ≤ h(x, y) for all x, y ∈ S}.

Proof. If h is a pseudometric and f(x) + g(y) < h(x, y) for all x and y, let

j(x) := inf
y∈S

(h(x, y)− g(y)).

Then, f(x) < h(x, y)− g(y) for any y ∈ S, so f ≤ j. Also,
j(x) ≤ h(x, x)− g(x) = −g(x), so j ≤ −g.
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Kantorovich-Rubinstein theorem – proof

Moreover, for all x and x′,

j(x)− j(x′) = inf
y∈S

(h(x, y)− g(y))− inf
y′∈S

(h(x′, y′)− g(y′))

= sup
y′∈S

inf
y∈S

(h(x, y)− g(y) + g(y′)− h(x′, y′))

≤ sup
y′∈S

(h(x, y′)− g(y′) + g(y′)− h(x′, y′))

= sup
y′∈S

(h(x, y′)− h(x′, y′)) ≤ h(x, x′),

so j ∈ Jh and
∫
f dP +

∫
g dQ ≤

∫
j d(P−Q).

Hence,

mP,Q(h) ≤ sup
j∈Jh

∣∣∣∣∫ j d(P−Q)

∣∣∣∣ .
The converse inequality always holds, since for any j ∈ Jh, we can let
f = −g = j in the definition of mP,Q(h).
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Kantorovich-Rubinstein theorem – proof

Completion of the proof of the Kantorovich-Rubinstein theorem (Theorem 1)

By Lemma 2 (with h = d), W (P,Q) = mP,Q(d).

By Lemma 3 (with h = d), mP,Q(d) = γ(P,Q).
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Lipschitz functions

It is instructive to prove directly that γ(P,Q) = 0 implies P = Q. This will
follow if we can show that the set of Lipschitz functions is dense in C(S) for
the supremum norm || · ||∞.

The first step is the following.

Theorem 4 (Kirszbraun-McShane)

Let (S, d) be a metric space, E any subset of S, and f any Lipschitz function
on E. Then, f can be extended to all of S without increasing ||f ||L.
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Lipschitz functions

Proof. Set M := ||f ||L. Suppose we have an inclusion-chain of functions fα
from subsets Eα of S into R with ||fα||L ≤M for all α. Let g be the union of
the fα. Then, g is a function with ||g||L ≤M .

Thus, by Zorn’s Lemma it suffices to extend f to one additional point
x ∈ S \ E.

A real number y is a possible value of f(x) if and only if |y− f(u)| ≤Md(u, x)
for all u ∈ E, or equivalently the following two conditions both hold:

(i) −Md(u, x) ≤ y − f(u) for all u ∈ E, and

(ii) y − f(v) ≤Md(x, v) for all v ∈ E.
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Lipschitz functions

Such a y exists if and only if

sup
u∈E

(f(u)−Md(u, x)) ≤ inf
v∈E

(f(v) +Md(v, x)). (1)

Now, by assumption, for all u, v ∈ E,

f(u)− f(v) ≤Md(u, v) ≤Md(u, x) +Md(x, v),

f(u)−Md(u, x) ≤ f(v) +Md(x, v).

This implies (1), so the extension to x is possible.
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Lipschitz functions

Theorem 5

If (S, d) is a compact metric space, then the set of Lipschitz functions is dense
in C(S) for the supremum norm || · ||∞.

Proof. The set of Lipschitz functions is clearly an algebra. It separates points
by Theorem 4 (taking E to be a two-point set and f any non-constant function
on E). Thus, the Stone-Weierstrass theorem applies.
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“Zolotarev” distances

The formula
Z1(P,Q) =

∫
T
|P(S(y))−Q(S(y))| λ(dy)

suggests defining a family of metrics by

Zp(P,Q) :=

{∫
T
|P(S(y))−Q(S(y))|p λ(dy)

} 1
p

, p ≥ 1,

and

Zp(P,Q) :=

{∫
T
|P(S(y))−Q(S(y))|p λ(dy)

}
, 0 < p < 1.
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Does the choice of ρ matter?

If ρ′ and ρ′′ are two choices of the “root” and [ρ′, ρ′′] is the path in T joining
them, then (in an obvious notation)

P(S ′(y))−Q(S ′(y)) = P(S ′′(y))−Q(S ′′(y)), y /∈ [ρ′, ρ′′],

and

P(S ′(y))−Q(S ′(y)) = −
[
P(S ′′(y))−Q(S ′′(y))

]
, λ− a.e. y ∈ [ρ′, ρ′′];

so ∫
T

∣∣P(S ′(y))−Q(S ′(y))
∣∣p λ(dy) =

∫
T

∣∣P(S ′′(y))−Q(S ′′(y))
∣∣p λ(dy)

and the choice of the “root” is irrelevant.
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Assessing significance – a “permutation test”

Recall P := 1
m

∑
i Pi and Q = 1

n

∑
j Qj .

Is the observed value of Zp(P,Q) “significant”?
Set {R1, . . . , Rm+n} = {P1, . . . , Pm} ∪ {Q1, . . . , Qn}.
Let I be a uniform random subset of {1, . . . , m + n} and put
J := {1, . . . , m + n} \ I.
Define

P̃ :=
1

m

∑
i∈I

Ri

and
Q̃ :=

1

n

∑
j∈J

Rj .

Consider
Prob{Zp(P̃, Q̃) > Zp(P, Q)}.

We can approximate this probability using Monte Carlo.
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Choice of p?
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Box plots of distributions of Zp(P̃, Q̃) for the sea-water data set standardized
to have mean 0 and variance 1 and observed Zp(P,Q) (circles).
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Gaussian approximation

Recall Zp(P̃, Q̃) =
{∫
T |X(u)|p λ(du)

} 1
p , where

X(u) := 1
m

∑
i∈I Gi(u)− 1

n

∑
j∈J Gj(u) with Gk(u) := Rk(S(u)). Put

Ḡ(u) := 1
m+n

∑
kGk(u).

When m,n are large, (X(u))u∈T is approximately a mean zero Gaussian
process with covariance kernel

Γ(u, v) :=
1

mn

∑
k

(Gk(u)− Ḡ(u))(Gk(v)− Ḡ(v)).

We may construct a Gaussian process (ξ(u))u∈T with covariance kernel Γ
by taking independent standard normal random variables ζ1, . . . , ζm+n and
setting

ξ(u) :=
1√
mn

[∑
i

Gi(u)ζi −
1

m+ n

(∑
i

Gi(u)

)(∑
i

ζi

)]
.
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How good is the approximation? (p = 1, 2)
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Understanding Z2

Recall that Z2
2 (P̃, Q̃) ≈

∫
T ξ(u)2 λ(du), where (ξ(u))u∈T is Gaussian with

covariance kernel

Γ(u, v) :=
1

mn

∑
k

(Gk(u)− Ḡ(u))(Gk(v)− Ḡ(v)).

Thus, Z2
2 (P̃, Q̃) ≈

∑
k µ

2
kη

2
k, where µ

2
k are the non-zero eigenvalues of the

linear operator

Γf(x) :=

∫
T

Γ(x, y)f(y)λ(dy)

on L2(λ) and ηk are i.i.d. standard normal (Karhunen-Loève).
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Simplifying Z2

The non-zero eigenvalues of Γ are the same as those of the
(m+ n)× (m+ n) matrix

Mij :=
1

mn

∫
T

(
Gi(u)− Ḡ(u)

) (
Gj(u)− Ḡ(u)

)
λ(du).

Thus,

Z2
2 (P̃, Q̃) ≈

∫
T
ξ(u)2 λ(du) =

∑
k

µ2
kη

2
k

has the same distribution as
ηTMη,

where η is a vector of i.i.d. standard normals.
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Eigenvalues of Γ and M
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Log base 10 of the first 200 eigenvalues of Γ and M .
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Other ways to look at these data?

Investigate a probability measure P on T by looking at the push-forward of
P⊗ P by the map (u, v) 7→ d(u, v).
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Metagenomics review

Next-generation sequencing technology enables sequencing of hundreds of
thousands to millions of short DNA sequences in a single experiment.

Microbial genetic material can be extracted in bulk from a sample taken
from some environment and directly sequenced.

It is no longer necessary to identify individual species by morphology or
culturing experiments.

This technology has revolutionized the possibilities for surveys of
environmental microbial diversity.
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Metagenomics review – continued

Huge amount of data – 400K sequences from a single run.

“Reads” (little shreds of DNA) are often short and non-overlapping.

Not enough signal in the data to resolve a phylogenetic tree.

Computationally infeasible to build a tree anyway.
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Metagenomics review – continued

Begin with a reference phylogenetic tree constructed from
previously-characterized DNA sequences.

Place query sequences at their most likely position on the reference tree.

Recent such algorithms are able to place tens of thousands of query
sequences on a reference tree of one thousand taxa (species).

Rather than just point placements we can also have individual placements
that are spread out as a probability distribution on the reference tree.
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Metagenomics review – continued
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Metagenomics review – continued
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Metagenomics review – continued
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Metagenomics review – continued
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Metagenomics review – continued

We have m placements in a sample.

The ith placement corresponds to a probability measure Pi on the
reference tree T .
We represent the entire sample using the probability measure
P := 1

m

∑
i Pi.
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Metagenomics review – continued

Cyanophora_paradoxa_
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0.1
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Metagenomics review – continued
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Several metagenomic samples?

HOW DO WE VISUALIZE AND COMPARE MORE THAN TWO
METAGENOMIC SAMPLES?

Steven N. Evans Metagenomics



An example

Swabs were taken from 242 women from the Public Health, Seattle and
King County Sexually Transmitted Diseases Clinic (STD clinic) between
September 2006 and June 2010 (of which 222 samples resulted in enough
material to analyze).

DNA was extracted and the 16s gene was amplified in the V3-V4
hypervariable region using broad-range primers and sequenced using a 454
sequencer with FLX chemistry.

Sequences were pre-processed using the R / Bioconductor package
microbiome. A custom maximum likelihood reference tree consisting of
sequences from RDP and our local collection was built using RAxML 7.2.7
using GTR+4Γ.

Sequences were placed into this tree using pplacer with the default
parameter choices.
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What Wikipedia says about bacterial vaginosis

Bacterial vaginosis (BV) is the most common cause of vaginal infection.

It is not considered to be a sexually transmitted infection by the CDC.

BV is not transmitted through sexual intercourse but is more common in
women who are sexually active.

BV is caused by an imbalance of naturally occurring bacterial flora and is
often confused with yeast infection.
The diagnostic standard for researchers is the Nugent test. A score of 0-10
is generated from combining three other scores that reflect the prevalence
of bacteria with certain shapes and reaction to staining.

0-3 is considered negative for BV
4-6 is considered intermediate
7+ is considered indicative of BV
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What it looks like under the microscope

Bacterial Vaginosis (BV)

Gram stain of normal vaginal fluid with 
many GPR (lactobacilli), normal 

epithelial cells

Gram stain of BV with few GPR, 
greater diversity of 

morphotypes, and clue cells
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Metagenomic data as vectors indexed by internal edges

Suppose we have S metagenomic samples.

Each sample is encoded as a mass distribution on a reference tree with E
internal edges.

Distinguish an arbitrary vertex of the tree as the root and map each mass
distribution to an E-dimensional vector by recording for each internal edge
the difference between the total mass on the root side of the edge and the
total mass on the non-root side of the edge.

This results in an S × E “data matrix”.
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Metagenomic data as vectors indexed by internal edges – continued
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Metagenomic data as vectors indexed by internal edges – continued
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Metagenomic data as vectors indexed by internal edges – continued

star side minus non star side

+ -( + )
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Metagenomic data as vectors indexed by internal edges – continued

star side minus non star side

+ -( + )
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Edge principal components

Recall we had S metagenomic samples.

Each sample was encoded as a mass distribution on a reference tree with
E internal edges.

We transformed each mass distribution into a vector indexed by the
internal edges to get an S × E “data matrix”.

Now construct the E × E covariance matrix of this data matrix.

Calculate its eigenvalues and their corresponding eigenvectors.

An eigenvector can be represented by a single colored and thickened
reference tree: the thickness of an edge is proportional to the magnitude
of the corresponding entry of the eigenvector and the color specifies the
sign of that entry.
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Edge principal components schematic
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What do eigenvalues and eigenvectors mean?

Recall the variational characterization of the eigenvectors v1, . . . , vE of an
E × E non-negative definite matrix Σ listed in order of decreasing
eigenvalue:

v1 = arg max
||v||=1

〈v,Σv〉

v2 = arg max
||v||=1,v⊥v1

〈v,Σv〉

· · ·
vE = arg max

||v||=1,v⊥{v1,...,vE−1}
〈v,Σv〉,

where ‖v‖ is the Euclidean length of the vector v, 〈v, w〉 is the Euclidean
inner product of the vectors v and w, and v ⊥ {v1, . . . , vk} indicates that
v is perpendicular to each of the vectors v1, . . . , vk.

Steven N. Evans Metagenomics



Interpretation of edge principal components

Thus, an edge that receives a weight with large magnitude from an
eigenvector corresponding to one of the bigger eigenvalues of the
covariance matrix Σ may be viewed as an edge for which there are
substantial dissimilarities between samples in the amount of mass placed in
the components of the tree T on either side of the edge.

When looking at the weight assigned to a single edge in isolation, only the
magnitude matters and not the sign.

Changing the chosen root from ρ′ to vertex ρ′′ does not affect the
eigenvalues or the magnitudes of the entries in the corresponding
eigenvectors, and it only changes the signs of the eigenvalue entries for the
edges between ρ′ and ρ′′.
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Edge principal components – reminder
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First edge principal component for example

0.1

Lactobacillus

Sneathia

Prevotella
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Second edge principal component for example

Lactobacillaceae

Lactobacillus

Lactobacillus iners

Lactobacillus crispatus
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What do the first two edge principal components tell us?

mostly L. iners

mostly L. crispatus

non-Lactobacillus
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Detecting hierarchical structure

In the BV example, we had at least 3 clusters of samples:
Lactobacillus iners predominant
Lactobacillus crispatus predominant
Others (e.g. Sneathia and Prevotella) predominant

Moreover, the first two clusters formed a “supercluster”.

HOW CAN WE DETECT THIS SORT OF HIERARCHICAL
CLUSTERING?
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Squash clustering

At each stage of the following clustering algorithm we have a pairwise
distance matrix with rows and columns indexed by the clusters that have
already been made by the algorithm.

Initially, the clusters are just the individual samples and the entries in the
pairwise distance matrix are computed using the Zp(·, ·) distance.
The algorithm proceeds by iterating the following sequence of steps until
there is a single cluster and a corresponding 1× 1 pairwise distance
matrix.

1 Find the smallest off-diagonal element in the current pairwise distance
matrix. Say it is the distance between clusters i and j.

2 Merge the i and j clusters, making a new cluster k.
3 Remove the ith and jth rows and columns from the distance matrix.
4 Calculate the distance from the cluster k to all the other clusters (how???).
5 Insert the distances from k into the distance matrix.
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How do we update the distances?

At each stage of squash clustering, a cluster is associated with a
probability measure on the reference tree T .
When two clusters i and j containing respective numbers of items a and b
and associated with respective probability measures P and Q are merged
to form a cluster k, then the new cluster k is associated with the
probability measure a

a+b
P + b

a+b
Q and the distance from k to some other

cluster ` associated with the probability measure R is

Zp

(
a

a+ b
P +

b

a+ b
Q,R

)
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Updating distances – continued

That is, if Sz is the probability measure associated with original item z,
then

P =
1

a

∑
x∈i

Sx

and
Q =

1

b

∑
y∈j

Sy,

and the probability measure associated with the new cluster k is

a

a+ b
P +

b

a+ b
Q =

1

a+ b

∑
z∈k

Sz.
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UPGMA

Average-linkage clustering or UPGMA unweighted pair group method with
arithmetic mean is a classical general purpose clutering algorithm that
looks similar to squash clustering.

UPGMA calculates the distance between two clusters as the average
between pairs of items in the clusters.

Thus, if clusters i and j containing respective numbers of items a and b
are merged to form a new cluster k with a+ b items, then the distance
between another cluster ` with c items and the new cluster k is

distance(k, `) =
1

(a+ b)c

∑
y∈k,z∈`

d(y, z)

=
a

a+ b

1

ac

∑
w∈i,z∈`

d(w, z) +
b

a+ b

1

bc

∑
x∈j,z∈`

d(x, z)

=
a

a+ b
distance(i, `) +

b

a+ b
distance(j, `).
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Squash clustering vs UPGMA

0.01 0.01

(a) (b)

Squash clustering and UPGMA applied to the collection of vaginal samples
Because meaningful internal edge lengths can be assigned to the squash
clustering tree, it is not ultrametric, whereas the UPGMA tree is. The two
tight clusters at the bottom of (a) and (b) contain the Lactobacillus-dominated
vaginal samples and correspond to L. iners (upper tight cluster) and L.
crispatus (lower tight cluster).
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